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Abstract

I derive sharp nonparametric lower bounds on some parameters of the full distri-

bution of individual treatment e¤ects from experimental data with non-compliance.

These parameters are: P (Y (1)� Y (0) > c), the proportion of individuals whose

bene�t from treatment exceeds c, E (Y (1)� Y (0)� c)+, the sum of positive treat-

ment e¤ects exceeding c, and E jY (1)� Y (0)j, the total absolute value of individual

e¤ects. I show that sharp bounds on these parameters for c = 0 depend only on the

distributions of observed outcomes in assigned treatment and control groups and

observing compliance does not improve them.
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1 Introduction

I derive sharp lower bounds on parameters of the population distribution of individ-

ual treatment e¤ects from experimental data with non-compliance. The �rst parame-

ter of interest is the sum of positive treatment e¤ects exceeding a given constant c,

E (Y (1)� Y (0)� c)+. If individuals could choose the treatment that is best for them

and must pay an additional cost c for treatment 1, then the population welfare when both

choices are available equals Emax (Y (0) ; Y (1)� c). If only treatment 0 were available,

the population welfare would be EY (0). Then

Emax (Y (0) ; Y (1)� c)� EY (0) = E (Y (1)� Y (0)� c)+ (1)

is the welfare gained by making both choices available. If making the choice of treatment

1 available to the population of interest carries a �xed cost C, then it is welfare optimal

to do so when E (Y (1)� Y (0)� c)+ > C. If access to treatment 1 is a pure public good

with c = 0, then the parameter of interest becomes E (Y (1)� Y (0))+.

The second parameter of interest is

P (Y (1)� Y (0) > c) ; (2)

the proportion of population for whom additional bene�t from treatment 1 exceeds c or

the proportion that would use treatment 1 if this choice was made available.

The third parameter is the total absolute size of treatment e¤ects:

E jY (1)� Y (0)j = Emax (Y (0) ; Y (1))� Emin (Y (0) ; Y (1)) . (3)

This is the width of the bounds in the mixing problem of Manski (1997a), capturing the

di¤erence in welfare between the best and the worst possible assignments of individuals

to the two treatments.

An attractive feature of the bounds on E (Y (1)� Y (0))+, P (Y (1) > Y (0)), and

E jY (1)� Y (0)j is that they are simple functions only of the cdfs of observed outcomes
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among individuals randomized to treatment and control groups, even if it is also known

which individuals complied with assigned treatment and which didn�t. While this looks

like "intent-to-treat" analysis, the bounds are for parameters of the distribution of the

e¤ects of actual treatment. This makes the bounds particularly useful for analyzing

experiments in which compliance is di¢ cult to monitor or where compliance data is not

reliable. Unlike bounds on average e¤ects, they are not sensitive to the speci�cation of

the range of feasible outcomes, which makes them reasonable even for outcomes with a

wide range of feasible values (e.g., earnings, longevity) without additional theoretical or

shape restrictions.

The paper makes contributions to two strands of research on identi�cation of treat-

ment e¤ects. First, to the literature on partial identi�cation in experiments with noncom-

pliance, which primarily focused on bounding the average treatment e¤ect, e.g. Manski

(1996, 2003, 2007), Balke and Pearl (1997), Kitagawa (2009). Second, to the literature on

partial identi�cation of parameters of the joint distribution of treatment outcomes given

the knowledge of the marginal distributions, e.g. Heckman, Smith and Clements (1997),

Firpo and Ridder (2008), Fan and Park (2010), Fan and Zhu (2009).

The paper proceeds as follows: I �rst describe the setting and the assumptions made,

then review general results for bounding parameters of a joint distribution with known

marginals, then apply them to randomized experiments with perfect or unobserved com-

pliance, and then study the additional identi�cation power of data on compliance.

2 The setting

The environment of this paper is a standard Neyman-Rubin potential outcomes frame-

work. There is a set of treatments D. I consider two cases: D = f0; 1g (two treatments)

and D = [0; 1], denoting di¤erent potential "intensity" of treatment 1. The potential

outcome of each treatment d (if the individual were actually to receive treatment d) is

denoted by Y (d) ; d 2 D. It is a maintained assumption embedded in the framework

that treatment response does not depend on treatments assigned or received by other
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individuals or on the process by which the treatments are assigned. Treatment actually

received by an individual in an experiment is denoted by D 2 D. Observed outcome for

an individual receiving treatment D will be Y = Y (D).

Binary variable Z 2 f0; 1g denotes the treatment to which individual is assigned in an

experiment (a binary instrument). Even when considering D = [0; 1], the assignment is

assumed to be binary. The treatment received by an individual is denoted by D = D (Z).

The pair of variables (D (0) ; D (1)) describes potential compliance of an individual with

randomized assignment in an experiment. To simplify notation, the analysis of this paper

is performed for a population of observationally identical individual (with no observable

covariates). If the assumptions are valid conditional on covariate values, sharp population

could be obtained by integrating conditional bounds across covariates as in Fan and Zhu

(2009).

Observable experimental data identi�es the probability distribution P (Y; Z;D) if

compliance is observed or just the distribution P (Y; Z) if compliance is not observable.

The assumption that experimental treatment assignment Z is independent of potential

outcomes Y (d) and potential compliance with assigned treatment D (z) is maintained

throughout the paper:

Assumption R (Randomization):

Z ? (D (0) ; D (1) ; Y (d) ; d 2 D) . (4)

This assumption is empirically refutable for some distributions P (Y; Z;D). Kitagawa

(2009 and 2010) studies the full identi�cation power of Assumption R for the joint dis-

tribution of (Y (0) ; Y (1)) when D = f0; 1g and constructs a test of consistency between

the observable data and Assumption R.

The condition that potential outcomes are bounded is maintained for simplicity, it

could be weakened by imposing restrictions on tails of the distribution of outcomes.

Assumption B (Boundedness):

jY (d)j < B; d 2 D for some B 2 R. (5)
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The value B could be chosen to be arbitrarily large, it is not used substantively for

deriving the bounds on parameters considered in this paper (the restrictions on the range

of Y would play a substantive role, however, for upper bounds on the parameters or for

bounding average treatment e¤ects, see for example Manski 2003, 2007).

I also assume throughout the paper that treatment assignment Z has a non-negative

e¤ect on the intensity of treatment D (Z) received by each individual:

Assumption M (Monotonicity):

D (1) � D (0) . (6)

For D = f0; 1g this assumption is equivalent to the condition that there are no "de-

niers" who always take the opposite of assigned treatment, so P (D (0) = 1; D (1) = 0) =

0. Imbens and Angrist (1994), and Angrist, Imbens and Rubin (1996) used it to identify

the average treatment e¤ect in a subpopulation of "compliers" (D (0) = 0; D (1) = 1).

Assumption M is also empirically refutable for some distributions P (Y; Z;D) if Assump-

tion R is maintained. If P (D = 1jZ = 0) + P (D = 0jZ = 1) > 1, for example, then

necessarily P (D (0) = 1; D (1) = 0) > 0.

Results for treatment with varying intensity D = [0; 1] will rely on an additional

assumption that each individual�s response to treatment is monotonic in d 2 D. It is

weaker than the monotone treatment response assumption in Manski (1997b), allowing

treatment response to be positive for some individuals and negative for others.

Assumption H (Heterogeneous Monotone Treatment Response):

For each individual, Y (d) is a weakly increasing or a weakly decreasing function of d.

Clearly, Assumption H is trivially satis�ed for D = f0; 1g, so it will be maintained

throughout the paper both for D = f0; 1g and for D = [0; 1].
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3 Bounds on parameters of the joint distribution of

two random variables

Derivation of the bounds for treatment e¤ects relies on two general results for bounding

parameters of the joint distribution of two random variables with known marginals, which

I review in this section. Let W0 and W1 be two arbitrary random variables with known

marginal distribution functions G0 and G1 and unknown joint distribution.

Sharp bounds on E (W1 �W0 � c)+ and E jW1 �W0j could be obtained from a re-

sult due to Cambanis, Simons and Stout (1976). They show that if k (x; y) is a right-

continuous quasi-antitone (sub-modular) function, that is

8x � x0; y � y0 : k (x; y) + k (x0; y0) � k (x; y0) + k (x0; y) ; (7)

and G0 (x) ; G1 (y) are marginal distributions of random variables W0;W1 with unknown

joint distribution H (:; :), then EHk (W0;W1) is minimized/maximized at the Fréchet-

Hoe¤ding upper and lower bounds on the joint distribution of (W0;W1):

H+ (x; y) � min fG0 (x) ; G1 (y)g ; (8)

H� (x; y) � max fG0 (x) +G1 (y)� 1; 0g

(joint distributions with maximal positive and negative dependence). Sharp bound on

Ek (W0;W1) could be explicitly evaluated as a function of the quantiles of G0 and G1:

EHk (W0;W1) � EH+k (W0;W1) =
R 1
0
k(G0

�1 (u) ; G�11 (u))du; (9)

EHk (W0;W1) � EH�k (W0;W1) =
R 1
0
k(G0

�1 (u) ; G�11 (1� u))du:

This result has been applied to identi�cation of other parameters of the treatment ef-

fect distribution (e.g., variance, correlation coe¢ cient, inequality measures) by Heckman,

Smith and Clements (1997), and by Fan and Zhu (2009) when full marginal distributions

are point-identi�ed.
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Functions (W1 �W0 � c)+ and jW1 �W0j and quasi-antitone in (W0;W1) are contin-

uous. We could therefore apply the previous result to derive sharp lower bounds on their

expectations over the set of all joint distributions of (W0;W1) with given marginals G0

and G1:

E (W1 �W0 � c)+ �
R 1
0
(G�11 (u)�G�10 (u)� c)+du =

R
R (G0 (t� c)�G1 (t))

+ dt,(10)

E jW1 �W0j �
R 1
0
jG�11 (u)�G�10 (u) jdu =

R
R jG0 (t)�G1 (t)j dt. (11)

Sharp lower bound on P (W1 �W0 > c) cannot be obtained from the result of Cam-

banis, Simons and Stout since functions I [W1 �W0 > c] are neither sub-modular nor

super-modular. Instead, it immediately follows from the sharp bounds on the distribu-

tion function of the sum of random variables with known marginals derived by Makarov

(1981).

From Williamson and Downs (1990, Theorem 2) we get the following expression for

the upper Makarov bound on the distribution of W1 �W0:

P (W1 �W0 � c) � 1 + inf
t
fmin (G1 (t)�G0 (t� c) ; 0)g . (12)

Then the sharp lower bound on P (W1 �W0 > c) is equal to

P (W1 �W0 > c) � sup
t2R

fmax (G0 (t� c)�G1 (t) ; 0)g (13)

= sup
t2R

fG0 (t� c)�G1 (t)g .

In particular, P (W1 > W0) � sup fG0 (t)�G1 (t)g.

4 Bounds with full or unobserved compliance

First, let�s consider two cases in which bounds on parameters depend only on the ob-

served distribution of outcomes in assigned treatment and control groups. Denote the

distribution function of the random variable Y (D (0)), which is the observed outcome

7



if an individual is randomized to treatment 0, by F0 (�) and the distribution function of

Y (D (1)) by F1 (�). Proposition 1 establishes sharp lower bounds in the simple cases of

full compliance and of completely unobserved compliance.

Proposition 1 If Assumptions R, B, M and H hold and either

a) there is full compliance, so D (0) = 0 and D (1) = 1, or

b) only P (Y; Z) is observed (the received treatment D is unobserved) and c � 0,

then the following bounds are sharp:

E (Y (1)� Y (0)� c)+ �
R
R (F0 (t� c)� F1 (t))

+ dt, (14)

P (Y (1)� Y (0) > c) � sup
t2R

fF0 (t� c)� F1 (t)g , (15)

and E jY (1)� Y (0)j �
R
R jF0 (t)� F1 (t)j dt. (16)

Proof: a) If there is full compliance with randomized treatment, that is:

P (D (Z) = zjZ = z) = 1; z 2 f0; 1g , (17)

then the experimental data point-identi�es the marginal distributions of Y (0) and Y (1),

which are equal to the observed distributions F0; F1 of Y jZ = 0 and Y jZ = 1, but places

no other restrictions on the joint distribution of (Y (0) ; Y (1)). The bounds on parameters

of the distribution of individual treatment e¤ects Y (1)� Y (0) then follow immediately

from the results in the previous section.

b) First, I will show that for c � 0Assumptions M and H imply that for each individual

[Y (1)� Y (0)� c]+ � [Y (D (1))� Y (D (0))� c]+ . (18)

If D (1) = D (0) or if Y (D (1)) � Y (D (0)) � c � 0, then the inequality is satis�ed

because the right hand side equals zero.

If Y (D (1)) � Y (D (0)) � c > 0, then Y (D (1)) � Y (D (0)) > 0 because c � 0.

This implies D (1) 6= D (0), and hence, due to Assumption M, D (1) > D (0). Then

it follows from Assumption H that this individual�s response to treatment must be non-
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decreasing: Y (1) � Y (D (1)) > Y (D (0)) � Y (0) and therefore Y (1) � Y (0) � c �

Y (D (1))� Y (D (0))� c and the inequality (18) is also satis�ed.

It could be similarly shown that for c � 0,

[Y (1)� Y (0)� c]� � [Y (D (1))� Y (D (0))� c]� . (19)

Since both (18) and (19) are true for c = 0, also jY (1)� Y (0)j � jY (D (1))� Y (D (0))j.

Integrating these inequalities shows that for c � 0:

E [Y (1)� Y (0)� c]+ � E [Y (D (1))� Y (D (0))� c]+ , (20)

P [Y (1)� Y (0) > c] � P [Y (D (1))� Y (D (0)) > c] ,

and E jY (1)� Y (0)j � E jY (D (1))� Y (D (0))j .

The experimental data point-identi�es the distributions of variables Y (D (0)) and

Y (D (1)), so the lower bounds on parameters of their joint distribution from the previous

section apply and extend to Y (0) and Y (1) by the virtue of (20).

To see that the bounds are sharp, take a joint distribution of Y (D (0)) and Y (D (1))

that attains one of the lower bounds, then suppose that for all individuals D (0) = 0;

D (1) = 1; Y (0) = Y (D (0)) ; and Y (d) = Y (D (1)) for d > 0. This distribution of latent

variables attains the same lower bound for functions of Y (1)� Y (0) as for functions of

Y (D (1))� Y (D (1)) and is consistent with the observed distribution of (Y; Z).

�

5 Bounds with observable compliance

The bounds in the previous section remain correct if compliance with assigned treatments

is observable. Observation of D, however, may reduce the set of joint distributions of

(Y (0) ; Y (1)) consistent with the data and may sharpen the bounds. Below I derive

the sharp bounds for the binary treatment case D = f0; 1g when variables (Y; Z;D) are

observable.
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As before, let F0; F1 be the observed distributions of Y jZ = 0 and Y jZ = 1.

Conditional distributions of potential outcomes Y (0) and Y (1) in the subpopulation

of compliers, which will be denoted by

FC;d (t) = P (Y (d) � tjD (0) < D (1)) ; d 2 f0; 1g (21)

are point-identi�ed by the data. Abadie (2002, eqs. 5, 6) shows that they are equal to

FC;0 (t) = P�1C [P (Y � t;D = 0jZ = 0)� P (Y � t;D = 0jZ = 1)] , (22)

and FC;1 (t) = P�1C [P (Y � t;D = 1jZ = 1)� P (Y � t;D = 1jZ = 0)] , (23)

where

PC = P (D = 1jZ = 1)� P (D = 1jZ = 0) (24)

is the proportion of compliers in the population. Also, Abadie shows that the di¤erence

between the two cdfs any point is proportional to the di¤erence between the cdfs of

observed outcomes in assigned treatment and control groups:

FC;1 (t)� FC;0 (t) = P�1C � (F1 (t)� F0 (t)) . (25)

Proposition 2 If D = f0; 1g and Assumptions R, B, and M hold, then the following

bounds are sharp given the observed distribution P (Y; Z;D):

E (Y (1)� Y (0)� c)+ � PC
R
R (FC;0 (t� c)� FC;1 (t))

+ dt, (26)

P (Y (1)� Y (0) > c) � PC sup
t2R

fFC;0 (t� c)� FC;1 (t)g , (27)

and E jY (1)� Y (0)j � PC
R
R jFC;0 (t)� FC;1 (t)j dt. (28)

Proof: The observable data point-identi�es the proportion of population that falls

into each of three principal strata based on potential compliance, including the proportion

of compliers PC given in (24). Since each of the population parameters on the left hand

side is an expectation of some function of (Y (1)� Y (0)), each is bounded below by the
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sum of lower bounds for each of the three strata multiplied by the probability of each

type.

For the compliers, the data point-identi�es the marginal distributions of potential out-

comes of both treatments FC;0; FC;1, but places no restrictions on their joint distribution.

The sharp lower bounds on the values of all parameters follow from Proposition 1 with

F0; F1 replaced by FC;0; FC;1.

For always-takers and never-takers, the data point identi�es the distribution of po-

tential outcomes of one treatment, but places no restrictions on the distribution of the

other treatment. Hence distributions of latent outcomes for which Y (1) = Y (0) for all

non-compliers are consistent with the data. Such distributions attain the lower bound

for non-compliers on all the parameters of interest, which is equal to zero.

�

Substituting (25) into the expressions for the bounds for c = 0 shows that ob-

servability of actually received treatment D does not yield sharper lower bounds on

E (Y (1)� Y (0))+, P (Y (1) > Y (0)), and E jY (1)� Y (0)j.

Corollary 3 If D = f0; 1g and Assumptions R, B, and M hold, then the following bounds

are sharp given the observed distribution P (Y; Z;D):

E (Y (1)� Y (0)� c)+ �
R
R (F0 (t)� F1 (t))

+ dt, (29)

P (Y (1)� Y (0) > c) � sup
t2R

fF0 (t)� F1 (t)g , (30)

and E jY (1)� Y (0)j �
R
R jF0 (t)� F1 (t)j dt. (31)

The following example shows that for c > 0 lower bounds in Proposition 2 (with

observable D) could be higher than those in Proposition 1.

Example: Consider the following probability distribution of latent compliance and
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outcome variables:

Proportion: D (0) D (1) Y (0) Y (1)

0:25 0 1 0 2

0:25 0 1 1 2

0:5 1 1 1 1

Let c = 1, then P (Y (1)� Y (0) > 1) = 0:25 and E (Y (1)� Y (0)� 1)+ = 0:25.

For bounds in Proposition 1,

F0 (t) = P (Y (D (0)) � t) = 0:25I [t � 0] + :75I [t � 1] ;

F1 (t) = P (Y (D (1)) � t) = 0:5I [t � 1] + :5I [t � 2] .

The lower bound on P (Y (1)� Y (0) > 1) equals sup fF0 (t� 1)� F1 (t)g = 0, the

lower bound on E (Y (1)� Y (0)� 1)+ is also equal to zero.

Instead, for bounds in Proposition 2, PC = 0:5 and

FC;0 (t) = 2 [P (Y � t;D = 0jZ = 0)� P (Y � t;D = 0jZ = 1)]

= 0:5I [t � 0] + :5I [t � 1] ;

FC;1 (t) = 2 [P (Y � t;D = 1jZ = 1)� P (Y � t;D = 1jZ = 0)]

= I [t � 2] .

Then the lower bound on P (Y (1)� Y (0) > 1) equals 0:5 sup fFC;0 (t� 1)� FC;1 (t)g =

0:25, the lower bound on E (Y (1)� Y (0)� 1)+ from Proposition 2 is also equal to 0:25.

For c = 1 information on compliance with assigned treatments sharpens the parameter

bounds, while for c = 0 the bounds from Propositions 1 and 2 are identical.
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